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INTRODUCTION

STHIN THE PAST FEW YEARS, a number of theories have been pro-
/ posed to account for the mathematical functions describing mor-
tality curves (8, 12, 20, 24, 25, 26, 27, 29). This increased interest
¢ ectly stimulated by the observed life shortening effects of high energy
_.Ix“t'on (1, 2, 4) and by the growing interest in the biology of the aging
process. As a result, there exist, at present, at least four independent classes
of theories of mortality kinetics. In the course of establishing criteria for our
owi quantitative theory of mortality and aging (25, 26), we have made an
intensive investigation and analysis of the various theories of mortality. In
view of the fact that existing data permit a tentative choice to be made, we
arc undertaking, in this paper, a critical analysis of both the bases and con-
sequences of the various theories. The considerations treated herein have
~onsequence. velevant to theories of aging and to the field of radiation bi-
-:vlogv.
The two elementary procedures utilized in testing the validity of theories
rev)ewed in this critique are:
1. Does the theory require assumptions which are qualitatively or quanti-
tatively inconsistent with observation?
2. Does ihe theory make predictions which are qualitatively or quantita-
tvely inconsisient with observation or natural law?
A third, b less crucial, criterion is the parsimony of the theory.

tlenr peneral groups of theories of mortality have been analyzed. These
ai: 1) the Brody-Failla theory (3, 8); 2) the Simms-Jones theory (24, 12);
3 the Sucier theory (20), and 4) the Strehler-Mildvan theory (25, 26).

The first and second theories are apparently inconsistent with criterion 2.
The third theory does not meet criterion 1. The last theory‘makcs predictions
which are gualitatively and quantitatively consistent with observation and
thus d rot suder from the above difficuities. However, it, like the others,
is not designed . account of the observed departureof natural popula-
tions frow & 1pertz equation at great ages. Whether this signifies a basic
error 1n il assuiaptions of the theory, or inadequacies of the data, cannot
now be decided.
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DEFINITION OF MORTALITY RATE AND OTHER ACTUARIAL TERMY

The mortality rate (R,) is defined as the instantaneous rate ¢ loss by death
of members of a population divided by the instantaneous size of the sopula-
tion. Mathematically, this is expressed by the derivative term — (1/n (e /d),
Mortality rate may also be considered to be the instantancous probabiiity of
dying for a member of the population n.!

OBSERVATIONS

There are six observations that any mathematical theory of muariality
must incorporate into its postulatory structure, explain, or at least not vio-
late. These are: .

1. Gompertz Function (7, 10, 28) (Fig. 1). For a number of species of ani-
mals, there is an approximately exponential increase in the mortalicy 1ate
with age (particularly after reproductive maturity is reached). This retation-
ship, first pointed out by Benjamin Gompertz in 1825, may be expressed
mathematically as follows:

1dn ¢
= —-— = ‘ (
Bn e 1)

where n = number of individuals at time ¢ and a and Ry are constants, the
latter being the hypothetical extrapolated mortality rate at ¢ = 0.

Many mortality rate curves which depart from simple Gompertzian kine-
tics at early ages can be fitted by including an additive constant, 4 (11), in
the mortality rate expression; thus

Rn = Ree™ + 4 (2)

" iFor pracncal purposes two slmphﬁcatlcns arc usually made. Firstly, rates are not

, but at intervals. Secondly, » it usually taken as
the number living at the beginning or at the mld-pom[ of the time interval. These simpli-
fications do not greatly affect the shape of mortality curves except where the number dying
pcr umt time is an 4PPK‘EEIdeC fraction of n.

CFC specific death rate is only one of the ways in which mertaliiy statistics can be
cxprcssc ‘Crude data relating the deaths occurring in a population io the age of indi-
viduals are also plotted as numbers of deaths per age and as survivaiship nurves. In the
first case, the number dying per unit time is directly plotted as a fu of age. The
survivorship curve, on the other hand, consists of a plot of the pzreeat or number remaia-
ing alive versus time. The mortality rate curve can be obtained from tiie lattee, by divid-
ing thc slopc of the survworsh|p curve by its altitude at every point.

, there is an ad in the use of mortality rates 1 describe popula-
tion mortality behavlor, particularly if such populatlons behave in a Gompertzian manuer.
The is a simple 1 function which is deterinined by orly two

constants. The survivorship curve, although a more direct
data, is a more mmphcatcd function of time or age. This may
Gumpcrtz equation — dn/ndt = Rue*' (after separating the variables) b
= () and ¢ thus: N/Ny = exp (Ry/a) (1 — ¢*). Thus, the surviving iraction
zian population is a “double exponential” function of age.
The number dying per unit time is also a complicated functiot of agc as seen by differ-
entiating the above equation with respect to time.

“a Gompert-

4 R
D o NoReloe exp(at -= r")
dt «
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ated in two waye (Table 1). Firstly, they are expressed as the fraction of the
initiai (age 3 :ction lost per year. Alternately, each constant may be
expressed a: tie fraction of the “reserve physiologic function™ lost per year.
This “reservs physiologic function” is defined as the difference between the
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hypothetical extrapolated value at age 0 and the lowest value compatible
with life. Although it is difficult to measure this lower limit, it may be ap-
proximated either by the lowest measured individual value i1 a large series
of individual measurements, or by the average value at some advanced age
(e.g., 80-90) minus two standard deviations. These latter methods of cale
lation produce considerably less variation among the estimated constants for
diverse physiologic function. Moreover, although they entail an additional
minor assumption, the values obtained are more analogous to the quantitics
used in certain of the theories here discussed.

The values for the linear attrition coefficient B derived by the above meth-
ods are summarized below:

A) Fraction of original age 30 function lost per year.

AF; Mean = .0083
e i (B .
D03 = e = SD. = 0032

u-

(3)

B) Fraction of original (age 0) reserve capacity lost per year (lowest
individual value method).

AF; Mean = .0093
£
= 0104 00055

FT - Fha S.D. i

0072 <

C) Fraction of original (age 0) reserve capacity lost per year (2 sigma
method).

Mean = .0084
5 2 5
—Far 009 gp. — ‘00099 ®)
F; = decade average of physiologic function i.

age 30 decade average of physiolagic function i.

hypothetical (extrapolated to age 0) value of physiclogic function .
lowest measured value of physiologic function .

age 80-90 average minus 2¢ of physiologic function 7.

3. Relationship between Slope () and Intercept (Ro) of Gompiitz plot (Fig. 2).
For human subpopulations, there is an inverse relationship between Ry (the
extrapolated mortality rate at zero time) and « (the Gompertz slope) (7,

dRy

DY 3 ke (6
26); i.e., T <0.; (6)

; dl
Actually, from Fig. 3 —140 < _;‘59 < -75 (7)
{23
Thus, countries with higher initial mortality rates (presumably due to
poorer environments) also are characterized by a slower rate of increase of
mortality rate (i.e., longer doubling times). This unexpected relztionship was
first predicted by the Strehler-Mildvan theory (7, 25, 26).
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LOG MORTALITY RATE

LOG MORTALITY RATE

I AGE

Fic. 4. Effect of radiation on mortality rate (idealized after Berlin and DiMaggic (1).)
Upper graph shows in a highly idealized and simplified form, the effect of low chronic
radiation dosage on the Gompertz slope of an animal population.

Curve A: Control

Curve D: x roentgens/unit time

Curve E: 2x roentgens/unit time

Lower graph represents the effect of high acute radiation dosage on Gompertz intercept
at the time indicated by the arrow.

Curve A: Control

Curve B: Radiation dose y

Curve C: Radiation dose 2y

N e Radis

4. Relation between Conti or I Dosage and Gompertz
Slope and Intercept (Fig. 4). It has been observed in experimental animals
that continuous exposure to high energy radiation increases the Gompertz
slope, without affecting the intercept (1, 2, 4). Conversely, a single dose is
said to increase the intercept without appreciably affecting slope.
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Fic. 5. Cause specitic death rates for the three major causes of death in U. $. males in
1952 (26).
ohsrrvations, in a highly idealized and simplified form, are sum-
ire 4.

3. Applictisn of Gompert’s Function to Cause Specific Mortality Rates. Simms
(24) and jones (12) have pointed out that cause specific mortality rates in
humans tend to increase approximately exponentially with time (Fig. 5).
This somewhat less reliable data is by no means as clearly an exponential
functior;, however, as is the total mortality rate (28).

6. Decreased Gompertz Slope at Great Ages (Fig. 1). At extremely advanced
age, the martality rate curves of several species rise at a rate progressively
lower than exponential (26, 27); i.e.,

din R,

Lk for  ¢>0. (8)

it should ce pointed out that three of these observations (2, 3, 5) were
made exchuively on man. Morcover, the most reliable mortality statistics
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(involving very large sample sizes) and the only extensive physiolcgical and
pathological data have come from studies on this species.

We wish to emphasize also that none of the theories here considered make
quantitative predictions regarding all of these observations. However, it is
important to bear in mind the restriction that no acceptable theory shouid
be in essential disagreement with any of these obser:aticns.

STATEMENT AND CRITIQUE OF THEORIAS
A. Brody-Failla Theory (3, 8).

1. Statement. The theory suggested by Brody and formalized by Failla
states that the mortality rate is inversely proportional to the viiality, a physio-
logic property which itself decays at a rate proportion#| tc the amount pres-
ent (i.e., first order).

V = vitality at time ¢

Vo = vitality at time ¢ = 0

av
= (9)
Integrating,
In V' = —at 4+ constant (10)
In L —at, thus V= Ve™ (11)
Vo
Now according to the theory (12)
i k
Defining Ry = - (13)
Vo

we obtain R, = Ree™.

2. Critique.

a) Thus, the theory correctly accounts for observation 1.

b) However, by combining equations 12 and 13, we obtain R,/Ry =
Vo/V. Since the observed value of R,/R, for most human populations is
approximately 300 between ages 30 and 80, it follows that }'o/V = 300 or
that the vitality at age 30 would be 29944, gone by age 80. Few human
physiologic functions decrease to this low value during a lifetime. Moreover,
assuming a linear approximation, the decay constant would be 29, /ycar
which is somewhat above the observed rate (observation 2j. Meoreover, the
theory assumes first order loss of vitality which is contrary to observation 2,
if we assume that vitality decays linearly as does physiologic functional capuc-
ity.

i ¢) According to observation 3, countries with poor e:vironments have
high Ry’s and lower « values. In order to fit this observation, the Brody-
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Failla theory would require a lower starting vitality in a poor environment
which is a reasonable assumption (see equation 13). However, the theory
would also require a lower first order rate constant for loss of vitality (a) in
a poor environment than in a good one. This is patently an unreasonable
assumption, for one would certainly expect the rate constant for loss of vital-
ity to be greater in a poor environment than in a good one.

Because of its inconsistency with observations 2 and 3, the Brody-Failla
theory fails to meet the criteria that a satisfactory theory should meet.

B. Simms-Jones Theory (24, 12).

1. Statement. In 1940, Simms and, more recently, Jones suggested that the
exponential form of mortality curves might be explained by an autocatalytic
accumulation of damage and disease. In Jones’ words, “We may regard the
lessening of vitality as the accumulation of damage. The rate at which dam-
age is incurred is proportional to the damage that has already been acquired
in the past.” (12)

Mathematically, V=Vy—c¢ (14)
D = damage at time ¢
dD
and g
an 7 aD (15)
Integrating In D = at + constant (16)
D
In — =
n De at (17)

Dy = damage at time { = 0

D = Do (18)
thus V = Vy— cDye™ (19)
Assuming that mortality rate

R, = kD (20)

where k = constant
R ="¥D™ 21)
It kDo = Ry, ‘ (22)
then Rn = Roe™ (1)

2. Critigue.
a) The theory is consistent with observation 1.
b) The theory predicts that

V = Vitality = Vy(l — ce™) = Vo' — Dece™.
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Although the value of V' cannot be estimated quantitatively, its rate of loss
would increase exponentially which is in conflict with observation 2.

¢) Further, in order to account for observation 3, the theory requires the
illogical assumption that the growth constant of damage is slower (i.e.,  is
lower) in a poor environment than in a good one. It is thus in essential con-
flict with observation 3.

d) Finally, from the basic postulates of the theory, we would expect a
marked effect on subsequent mortality behavior of exposure of young animals
to severe diseases or damage. Curtis and Healy (5) have tested this prediction
on rats with negative results.

Hence, despite its parsimony, this theory makes three incorrect predictions
and is therefore apparently unsatisfactory according to the above criteria.

C. Sacher Theory (20).

1. Statement. An ingenious theory proposed by Sacher incorporates a linear
decay of mean physiologic state into its postulates. Although the mean physi-
ologic state declines at a constant rate with time, random or Gaussian dis-
placements occur about thismean at all times. Death occurs when a displace-
ment of the physiologic state extends below a certain limiting value.

The probability of dying increases with age because, as the mean moves
toward the limiting value, more and more of the random displacements cross
the limiting value.

Certain properties of the mean physiologic state are required. Firstly, it
has a lower limit below which death occurs, but no upper limit. Thus, it is
unlike blood pH or blood sugar, but more like maximal breathing capacity,
etc. Secondly, the mean physiologic state must never closely approach the
limiting value. Otherwise the approximations required to fit the theory to
Gompertz kinetics are not valid.

Definitions.

L = lower limit of physiologic state (constant)

M = mean value of physiologic state at time ¢

M, = mean value of physiologic state at time ¢ = 0

A = M — L = difference between mean and limit

Ao = M, — L = initial difference between mean and limit
AN=N—X=M~—My=AM

g,0 are constants

R, = mortality rate

—AXN
NAL
Mathematically, using the above postulates, definitions, and basic proba-

bility considerations, the following equation has been derived by Sacher for
the rate at which members are removed from the population as a function

B = linear decay constant of mean physiologic state =
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ence (\) between their mean physiologic state and the limiting
¢ state (20).

ud

_ g 2 12 2
R = ;,X( ) exp — 5 (22)

{n order to fit Gompertzian kinetics (observation 1), the following steps,
which were taken by Sacher, are here expanded for clarity.

A= Ao+ AN (23)
A= \g* 4 20AN + AN2 (24)
If AN & Ao, the following approximations can be made:
A2 = N2 4 20AN (25)
A =X (26)
2 12 2
Ri — [é’ Ao (<> exp _@’M (27)
7 T 24 o
s [oNE Ao NN
R, = = —, 3
& ’:‘7 Ao (1{> exp 553 exp o (28)
It is postnlaved that:
AM = —kAt (29)
‘I hevefore, AN = —kAt (30)
’ &y (2" Y Mokt
K. = [V No (;) exp E exp T (31)
o 2 12 )\“2
e By= |2 = -
£ 5 [q o (w) exp 55 (32)
Aok
Let = 5 (33)
Therefort:, R, = Ree* (1)
2. Critique.
aj 'he theory apparently accounts for observation I, the Gompertz

» rheory correctly predicts an inverse relationship between « and
in Ry { cvation 3). (See equation 40.) 1
¢) The theery assumes a linear rate of loss of “vitality” which is qali-
wtively consisteai with observation 2.

d) Huwever, in order to fit a Gompertz function, the theory requires

THEORIES OF MORTALITY : 229

assumptions which are inconsistent with the qantitative relatio,
tween Ry and & and requires rates of loss of physiologic function
inconsistent with observation 2.

This may be shown as follows:

Using the postulates of Sacher’s theory, we now evaluate the actual change
in the “mean physiologic state.”

AN

k= - Ar (from equation 3{);
No AN x.f) — AN ;
= AN N8 Nof A 34)
Therefore, a At (az NAL) ( .

Let B = (—AM/AoAf) = the linear decay constant of the mean physiologic
state

Ao .
Therefore, a = 7023 35
o BZ
- =0 6)
B (36)

= (,(%)”’ @7)

Substituting equaﬁon 37 into equation 32, we have:

o 2\ o
s ek 38)
4 (B «) BT (
QZ 1/2
Taking logarithms InRy=Ing (Er) ~ 58 (39)
Differentiating equation 37 with respect to a:

d(In R,) 1 1 o

it U Sl 40

2 B L

Therefore, from a plot of In Ry vs. a for varicus countries (fig. 3), we can
evaluate B thus:
—po 2 BB g5 )

o

— AN =
Therefore, .0035 < B < .0058 or .0035 < G < .0058 (41)

These values are somewhat lower than the decline constants of observa-

tion 2.
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Further, by setting A = 70 years, one obtains
-9 > %\ﬁ > —4l (42)
0

Since the mean physiologic state may decrease by as much as 25 to 419,
of the total difference between original state and limiting value in 70 years,
we may conclude that the approximations made in equations 25 and 26 are
not justified.

Thus, although the theory is qualitatively consistent with several key ob-
servations, it requires assumptions which are in quantitative disagreement
with other observations.

D. Strehler-Mildvan Theory (25, 26).

1. Statement. The fourth theory considers an organism to be composed of a
number of subsystems which are subject to displacements by internal or ex-
ternal stresses. These displacements result in the expenditure of energy gen-
crally directed toward the re-establishment of the original conditien. The
maximum rate at which energy can be expended to restore the original con-
dition in a subsystem is termed the vitality of that subsystem. The vitality
of the organism, as a whole, is the “weighted average” of the vitalities of all
the subsystems.

Whenever a demand or stress surpasses the ability of a subsystem to put
out work, the environment of the other subsystems changes until they, in
turn, find themselves incapable of meeting the demands placed on them, and
death occurs.

‘The central assumption of the theory is that these fluctuations in demand
for energy expenditure are principally due to random fluctuations in the
energetic environment (or internal environment) of the organism. These
stresses are thus assumed to be distributed exponentially as is a Maxwell-
Boltzmann distribution of kinetic energy among gas molecules. That is, the
frequency of stresses of a certain magnitude, or greater, increases exponen-
tially as their energy decreases linearly. The rate of death is assumed to be
proportional to the frequency of stresses which surpass the ability of a sub-
system to restore initial conditions. This assumption and observation 1
(Gompertz’s mortality kinetics) form the basis of the Strehler-Mildvan theory.

Since the rate of death (R,) is proportional to the frequency of stresses
that can kill (Y), we have the following:

it X=Kexp-2 (4

AH
RT RT

m =

AH = size of energetic fluctuation just sufficient to kill = vitality
RT = average size of energetic fluctuation. C, K, and K’, are appropriate
constants.
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Combining this assumption with observation | (Gompertz kinetics), we
obtain
L Pt A | o AH
R, = Ry™ = CK exp —ﬁ=1-exp —RT (44)
which is the basic equation of the theory from which all other relationships
are derived.
2. Critique.
a) The theory assumes observation | and, hence, is consistent with it.
b) The theory predicts a linear decline of vitality with age, thus:

AH
R, =Re™ =K =t
I - o€ exp BT

solving for vitality (AH) as a function of time, letting AH, = vitality at time
0, we obtain

AH = AHy(1 — —

K (45)
In 7

which is the linear decay constant of vitality. Thus,
AH = AH\(1 — BY). (46)
The theory permits two independent calculations of the rate of loss of
function (B) purely from mortality statistics (vide infra). The values thus
calculated are, moreover, in good quantitative agreement with the B values

given in observation 2 (see Fig. 6 also).
¢) The theory predicts an inverse relationship between « and In Ry and is
thus consistent with observation 3. Thus, by substitution of

AH = AHy(1 — BY)

in equation 44, we obtain

R, = K exp —-2171, exp Agl; = Ree™. (47)
Setting
=0, Ry=K ex _;Aeﬂrq (48)
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Saiviug for 2, we have
AHy , o _ AH,
RT2=e o =5 (49)

Substituting for AHy/RT in equation 48 and taking logarithms, we obtain

IRy —InK = — 2 , (50)

Differentiaticg, we have ol iy = L (51)
dot B

This is qualitaiively consistent with observation 3.
Plotuing « against In Ry for various countries (27), one obtains values of
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B, according to equation 51 ranging from .0093 to .013/year (Fig. 2}, Alter-
natively (since 0.6 < K 2.0), making the independent and reasonabiz iz-
sumption that X, the maximum possible observable mortality rate is =~ 1,
one may calculate B = .0097.

Both of these calculated B values are in good quantitative agreement with
observation 2.

E. Other Theories.

The discussion has been limited to theories which have relatively parsi-
monious mechanistic implications. Thus, although pow=r seri=s of time (13)
and overlapping Gaussian distributions (19) may give reasonalic appros,
mations to observation, they are regarded as curve iitting rather than as
physical theories which predict other functional relationships heiween meas-

i

urable variables.

Similarly, we will not discuss, in detail, theories such as that uf Yockey (24,
which make explicit assumptions regarding the relationship w: =ach quanti-
ties as “information content” to death and implicit assumiptions which can-
not, at present, be judged physically (e.g., distribution of informaiion or raiz
of loss of information in a population).

Yockey has reinterpreted radiation-survivorship curves of non-aging popu-
lations in terms of information theory. He has then extended these irterpre-
tations to aging populations.

When applied to Gompertzian populations, however, Yockey’s interpre-
tation requires the assumption of an exponential growth with age cf the prol-
ability of finding individuals with the lower limit of information nccessory
for viability. « is therefore a measure of this increasing probability.

It should be pointed out, however, that even in their present form, certain
of Yockey’s postulates appear to be inconsistent with observation 3, for they
require the unlikely assumption that the rate constant for inforreaton loss is
less in a bad environment than in a good one in order to accouni for the ob-
served decrease in a in an inhospitable environment.

Since no assumptions are made relating environment to the lower limit of
information necessary to continued life, Yockey’s interpretation can not be
subjected to a more detailed test at present.

In a similar manner, the recently published theery of Szilard (27) js not
stated in a form which permits its evaluation in terms of the above chserva-

tions.
DISCUSSION AND SUMMARY

Of the six theories of mortality rates discussed in the foregoing, four were
comprehensive enough to permit detailed analysis. Three of these, although
making certain predictions in keeping with the observation, fall short of corn-
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plete consistency with certain of the primary observations relating time,
physiologic function and mortality (Fig. 6).

“The fourth theory (25, 26) has been shown to fit, or predict, Gompertzian
mortality kinetics (observation 1), a linear decay of physiologic function at
the observed rate (observation 2), and an inverse relation between Gompertz
slope () and intercept (Ro) (observation 3). This latter theory, and the
Sacher theory, also can be shown to predict observation 4 which relates
radiation exposure to life shortening, if it is assumed that radiation damage
results in a loss of vitality (function) or mean physiologic state proportional
to the total dose (20, 26). =

None of the theories considered are in conflict with exponential cause spe-
cific death rates (observation 5). The Sacher theory and the Strehler-Mildvan
theory do qualitatively predict curvature (decreased Gompertz slope) under
certain conditions at great ages-(observation 6). However, neither of the lat-
ter two theories, nor the data, are sufficiently refined to permit exact quanti-
tative comparisons to be made. It may well be that any statistical theory of
mortality, which must deal with variable populations, will break down as the
number of individuals remaining decreases.

Thus, as discussed in detail elsewhere (26), a selection of a hardy group of
individuals would either affect the mean value of the initial vitality or of the
decline constant for vitality. An improved environment for older individuals,
or a selective perpetuation of certain individuals in a subenvironment would
affect slope by affecting the average environment.

Qualitative evidence of a potential contribution by all of such variations
is at hand. Unfortunately, it has been impossible up to now to assign an
appropriate weight to each factor.
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